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Abstract
A ball dropped from a given height onto a surface, will bounce repeatedly before coming to rest.
A ball bouncing on a thick plate will behave very differently than a ball bouncing off the thin
lid of a container. For a plate with a fixed thickness, a ball bouncing at the edge of a plate will
be very different from the ball bouncing off the middle of the plate. We study the coefficient of
restitution  for a steel ball bouncing steel plates of various thicknesses. We observe how  changes
as the ball repeated bounces and finally comes to rest. Generally,  < 1 due to the dissipation of
kinetic energy of the ball into the plate. However this dissipated energy can come back into ball in
its later bounces. We see the emergence of super-elastic collisions ( > 1), implying that the ball
gained Kinetic Energy due to the collision with the plate. We can increase the probability of such
super-elastic collisions (PSE) by adding a spring to the ball. We construct a simple theoretical
model where the energy lost from previous collisions are transferred back into later ones. This
model is able to simulate the occurrence of such super-elastic collisions.
∗ satyanu.bhadra@tifr.res.in
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I. INTRODUCTION
A ball falling on a plate eventually comes to a stop. How exactly it comes to a stop is still
not completely understood. The simplest approach to the problem is thus: At each collision
the ball jumps to a height which is a fraction smaller than the height it fell from. The loss
in the height accounts for the energy lost during collision. Since only a fraction is lost, the
ball will bounce for infinite times till all the energy has been dissipated - all within a finite
time. The process of infinite collisions in finite time leading to a halt is known as an inelastic
collapse. Such inelastic collapse processes have been theoretically and numerically seen in
1,2 and 3 dimensions where the number of particles can vary from as low as 2 to infinitely
many [1–5].
However, our daily experience tells us that the ball stops bouncing after a few times. Dis-
sipative and Adhesive mechanisms originating from the Van Der Waals interactions and
Formation of Capillary Bridges between the surfaces of the plate and ball are responsible
for bringing the ball to a halt. If the energy of the collision is less than that of the adhesion
energy, the ball adheres to the plate and stops bouncing, i.e. it loses all its kinetic energy.
This becomes prominent during the final bounces of drop heights of 50-100 nm, at which
scale various adhesive and capillary attractive mechanisms, and the effect of small surface
imperfections, become dominant [6–11].
Considering the plate has been machined, we assume it has a surface roughness of around
100 nm. Within this rough surface, there will always be some material or impurity deposits,
and capillary bridges can form easily. We assume these impurities have a surface tension of
≈ 10−2 N/mm. For those scales Energy per unit area scales as ≈ 10−6, 10−6, 10−2 J/mm2
for Casimir Interaction, Van Der Waals interaction, and Surface Tension (Capillary Bridges)
respectively. The ball at the final velocities (10−3 m/s) has a kinetic energy ≈ 10−8 J. If we
consider an interaction area of 1mm2 between the ball and the plate, we see that the surface
tension energies are of the same order as the Kinetic Energy.
Thus the bouncing of a ball on any surface is inelastic, as the energy of the ball is being
dissipated into the plate to overcome attractive forces, and lost to the surroundings, and
the ball eventually stops. The inelasticity in the problem is captured by a single parameter,
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FIG. 1: (a)The experimental setup with the ball and plate completing the electrical circuit.
(b)The clamping structure. The plate was fixed securely within this structure, which was
screwed to the optical table. (c) To add vibrations, a spring was welded on to the ball.
called coefficient of restitution,  which is defined as
 =
(
hn+1
hn
)1/2
=
von
vin
(1)
Here, hn and hn+1 are the maximum heights gained by the ball in the n and n+1 collision,
while v0n and v
i
n are the velocities of the ball just prior and after the collision.
This apparently simple problem has attracted sufficient interest over time. Hertz [12] made
the earliest study of the problem (1881-82). He assumed that as the ball hits a rigid surface
it gets deformed, the kinetic energy of the ball gets stored as elastic energy in the ball. In
time, the ball uses its elastic energy to bounce up.
Hertz assumed that the duration of the collision was long enough to allow the complete
energy transfer to occur, and all the energy from the collision would be confined to the local
deformed surface. Thus in Hertzs analysis,  =1, i.e, no energy is lost in the conversion of
the kinetic energy to elastic energy and back to kinetic energy. Raman (1920)[13] published
after much experimentation, how  changed with the geometrical parameters like the plate
3
thickness and introduced an dimensionless constant, the inelasticy parameter λ. Zener
provided a theoretical justification of Ramans result in 1941[14] by modifying the quasi-
static approximation of Hertz. He was among the first to appreciate that the energy during
the collision may not be localised, but transfers between the point of contact and the plate.
In Zeners model,  was related to the amount of collisional energy absorbed by the vibrating
and translational modes of the plate. The parameter λ controls the amount of the collisional
force that dissipates by moving the plate, given by the equation of motion
d2s
dt2
+ ks3/2 + α
dF
dt
= 0 (2)
Where λ = α
(
m3
k2v
) 1
5
, k is a force constant, and s is the relative displacement between the
plate and the ball, and F being the force due to the collision.
If the target plate is massive and thick, and the velocity of the ball is sufficiently low, most
of the energy of the collision is localised at the point of contact, and can come back to the
ball within the time period of the collision, also called the time of contact (tC). Thus at low
impact velocities,  ≈ 1. Zener parameterized the geometrical and the mechanical aspects
of the problem of collision of a ball (diameter ds, Youngs modulus Es and Poissons ratio σs)
with a semi-infinite plate (thickness tp, Youngs modulus Ep and Poissons ratio σp) into λ
and he showed that  could be expressed in terms λ. In Zeners model
λ =
pi3/5
31/2
(
ds
2tp
)2(
ρs
ρp
) 3
5 (vo
c
) 1
5
(
E ′s
E ′s + E ′p
) 2
5
(3)
Here c =
√
E′p
ρp
is the velocity of sound waves in the plate and E ′s =
Es
1−σ2s and E
′
p =
Ep
1−σ2p and
vo is the impact velocity. It is important to note that the kinetic energy of the system (ball
and plate) remains constant in Zeners model, the colliding ball imparts its kinetic energy
into moving the plate, and during contact duration the ball does not receive its entire energy
and hence leaves the plate with only a part of its energy. The rest of the energy is stored in
the vibrational modes of the plate. However, in practice, there are lossy mechanism such as
plastic deformations, and the kinetic energy of the system does not remain conserved [15].
Thus, Zeners model is known to overestimate the value of .
Additionally, the ball might lose energy via viscous dissipation due to deformation of the
colliding surfaces. The treatment of these losses is the same as Zener’s model, with the λ
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FIG. 2: (a) Typical signal from most plates. We have single clean peaks that become
closely spaced as the ball comes to rest (High continuous voltage). (b) In the 2 mm plate
however we have dual contacts, which eventually reduce to single peaks as the ball slows
down. Inset : A Schematic of the process leading to the dual contact, consisting of 4 steps -
(1) Contact. (2)Flexing of plate. (3)Flexing back and second Contact. (4)Bouncing Back.
parameter being replaced by the Viscous loss parameter, A
A =
1
3
(3η2 − η2)2
(3η2 + 2η2)
(1− ν2)(1− 2ν)
Eν2
(4)
where η1 and η2 are the viscous constants that relate the deformation rate tensor and the
dissipative stress tensor.
In general, the following holds true for the coefficient of restitution, (i) its value is usually
less than that of one, (ii) it depends on the velocity of impact. For small values of impact
velocity, the plastic deformation of the materials in contact is minimal and  is close to one.
With increasing impact velocity, the plastic deformation increases and hence  decreases
[16]. Thus, in the process of a bouncing ball coming to a rest, the impact velocity decreases
and the coefficient of restitution increases with each bounce.
However these models involve the target being infinitely large - they are essentially semi
infinite planes with a certain thickness. We challenge this notion by introducing using
plates of finite size and thickness. In the following note, we revisit the problem of collision
of a stainless steel ball (ds=12.5 mm and weight 8.78 g) with a stainless steel disks or plates
with varying thickness (diameter 90 mm and thickness tp=2, 5, 10, 12.5, 20 mm).
In our experiments the ratio, ds/tp < 1, moreover, the ratio of the diameter of the disk
to that of the ball is about 7. The plate cannot be considered infinitely larger than the
projectile. Our key findings are the following.
• Vibrations set up in the plate due to repeated collisions affect how the ball bounces to
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a great degree. In the thinnest plates, the effects become more prominent far reduced
number of bounces, very lossy collisions, improper contacts during collisions(Fig 2).
The effects can be controlled, and reduced by reducing vibrations in the system.
• Super-elastic collisions ( > 1) occur at lower velocities. While this might seem to
violate energy conservation laws, this is entirely possible if the energy dissipated into
the plate does not die out instantly, but remains till the next bounce. The probability
of super-elastic collisions can be greatly enhanced (Fig 3a,b) by adding a source of
vibrations to the projectile i.e. by welding a spring on to the metal ball (Fig 1c) .
• We developed a simple physical model where the energy of the vibrations in the plate
remain till the next bounce, and a fraction of that leftover energy may come back into
the next bounce. We see that such a simplistic model is able to produce results which
are quite satisfactory (Fig 8).
While a sizable amount of literature exists on how vibrating the target surface can affect
the bouncing of the ball - the focus has been on driven systems, where the source of these
vibrations are perfectly calibrated and set by the user to a specific frequency and amplitude
[17–19] .
II. DETAILS OF THE EXPERIMENT
There are many methods as to how to collect experimental data of the value of  in the
regard of repeated collisions- High Speed Photography [20–22], Pendulum Systems [23–25],
LASER Doppler Velocimetry [26],Particle Tracking Velocimetry [27] amongst others. The
most prominent technique is measuring the time lag between consecutive impacts [28, 29].
However unlike previous experiments, we only measure the time lag from the electrical
contact data and not the audio/piezo measurements, as they may lead to more sources of
errors[? ], especially as we are measuring in a very small target, in which vibrations persist
longer than the usual massive plates used.
A schematic of our experimental setup is given in Fig 1 (a). We carry out this study using
stainless steel(grade 304) ball (diameter 12.6 mm, weight 8.78 g) and plates of various thick-
nesses ranging from 20 mm thickness to 2 mm thickness, each having a diameter of 90 mm.
The voltage is supplied and measured using by a NI BNC 2090A and a NI M series 6259
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FIG. 3: (a)Adding a spring leads to highly regular peak like structures, and huge
variations in the − v data. (b) The Probability distribution P () flattens and spreads due
to the spring.
respectively, with the ball and plate acting like a switch. We obtained the data at a rate of
500kHz, or with a time resolution of 2 µs.
In our experiments, we define
i =
vi+1
vi
=
ti+1
ti
(5)
where ti is the time gap between the i
th and i+ 1th collisions. We can measure the time of
contact, and width of the signal, and the time delay between peaks to great accuracy.
To limit the effect of vibrations, we have built a clamping structure (Fig 1(b)). This prevents
larger flexing modes of the plate, enforcing the condition that the plate is stationary at the
boundaries. The ball is raised to a height of 6cm above the target, and dropped by an
Arduino based robotic arm, ensuring the ball hits the target at nearly the same velocity and
location at each drop, and the experiment could be repeated thousands of times without
any human intervention. On an average, nearly 104 data points were generated per plate.
We claim that the ball has stopped bouncing once its  value reaches a value greater than 10
(signifying that it has come to rest). For all experiments, the plate was either placed directly
on the optical table(on top of a 100 µm acetate sheet to provide electrical insulation), or
in the clamping structure, that was screwed to the optical table. To study the effect of
methods of coupling, we placed different materials (foam, paper) in between the plate and
the optical table surface. To study the effect of added vibrations to the system, we added
springs of varying stiffness to the steel ball via welding, to make a seamless contact (Fig 1c).
7
FIG. 4: (a) Deviation of experimental data from Zener’s Model for 20mm, 5mm, 2mm
plates. X axis is plotted in logscale. (b) On adding coupling media in between the optical
table and the 20 mm plate, we see that the foam has hardly any effect. However when the
stack of papers is used, we see very noisy data, below 0.03 m/s.
III. OBSERVATIONS
To obtain Zener’s Theoretical Values, we obtain λ as a function, f(v,d) from Eq. 3. We
numerically solve Eq. 2 to obtain F(t) and time duration of the collision(tC). We use the
formula provided by Zener [14] to obtain
 =
1−R
1 +R
(6)
where R = 2 m α
(∫ tC
0
F 2dt/(
∫ tC
0
Fdt)2
)
.
Although the target is of a limited size we still see striking resemblance to results and
experimental data obtained from experiments involving bulkier targets. We see the presence
of visco-elastic losses at higher initial velocities across all plates, and observed values are
lesser than that calculated by Zener.In the thinner plates, however, the energy being dumped
into the plate does not completely decay away between collisions and comes back to the next
collision due to the vibrations present. Thus we observe  values being equal or even greater
than expectation (Fig 4 a). As long as the coupling media (Fig 1 a) between the plate and
the optical table is a homogenous one, we see no effects on the -v scatter , but if we use a
layered media such as the stack of papers, we see very noisy data at lower velocities (v¡0.03
m/s) (see Fig 4b)
In the 2 mm plates, we see that when the ball makes contact, we have two closely-spaced
peaks in the signal as opposed to one clean peak we got in the other plates (Fig 2). We call
such contacts dual contacts or improper contacts. A significant amount of energy is dumped
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into the plate, and not recovered by the ball. Most collisions are extremely lossy and noisy,
and bring the ball to an immediate stop. On placing the plate in the clamping structure,
the probability of dual contacts drops to half. A schematic of the process is described below
(Fig 2 b, inset)
• The ball falls on the plate and creates a contact, and causes it to flex. This gives us
the first peak.
• The plate flexes downwards, and away from the ball. Meanwhile the ball has come to
near rest, and thus stops being in contact. This gives us the short contact gap. 1
• The plate flexes back, contact is reestablished. This gives us the second peak.
• The plate’s flexing aids the ball in its bounce, and bounces up again.
As the ball comes to rest, the second peak nearly disappears, before we see that the peaks
have merged to one. As the velocity drops, the ability of the ball to impart enough energy
to have the large amplitude of oscillation required for loss of contact, reduces.
In the aforementioned models (Zener, Viscoelastic), the boundary conditions are such that
the target is absolutely stationary at the moment of impact, the plate is held securely at the
edges such that there is no motion there, and whatever energy is dissipated into the plate
from the collision is lost immediately so that no information of it remains during the next
collision. However in a finite system such as ours this cannot always be true. Therefore we
see unexpected collisions where  > 1 (Fig 3,4). Such ’Super-elastic’ collisions are extremely
rare, but occur at lower velocities. Most occur when v ∈ [0.001m/s, 0.01m/s]. With a rise
in Frequency of Super-elastic collisions there is also a fall in the value of mean . Each plate
has a resonant frequency (fres = t
−1
res). We define vres = gtres/2. We see pronounced dips of
 at even multiples of vres, with the extent of the dip increasing as one comes close to vres.
Most of the collisions terminate at vres, thus at that velocity, the ball is able to dump most
of its energy into the plate.
As the plate gets thinner and reduces in mass, the kinetic energy lost from the ball sets up
vibrations with higher amplitudes. Due to the lower mass and thickness, these vibrations
1 In the time between the two peaks as in Figure 2, the ball would have moved around 100 nm due to
gravity, whereas the amplitude of the fundamental mode of the oscillation ≈ 10 µm with a frequency ≈
10 kHz.
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take longer to damp out. The probability of super-elastic collisions for a given plate is given
by
PSE =
Total number of super-elastic collisions
Total number of collisions
(7)
PSE increases with the plate becoming thinner. With the addition of the clamping structure,
vibrations are further damped, restricting the mechanism via which super-elastic collisions
take place. As expected, PSE reduces if the plate is clamped. The ratio(Rfc) of PSE for free
plates to PSE for clamped plates increases as the plate gets thinner(Fig 5).
Contact time or Time-period of collision (tC) was relatively unchanged across all plates,
clamped or free.(Fig 7 a). We placed the 20 mm plate over a intermediate medium between
the plate and the optical table, to see if the material properties of the coupling medium would
have any effects on the collision time. Naively we would expect that a softer medium would
move with the plate, and hence increase contact times. We used soft and hard packaging
foam, and a stack of A4 (300 pages, 75 gsm). Majority of the data lay in the same band
as of the plates. In the stack of papers, we found band like structures (Fig 7 b), absent
in all other cases. Due to the lack of cohesion in between individual sheets/layers, energy
is dissipated via local shearing. In our systems, the time of contact diverges as velocity is
reduced. This contradicts an earlier study, which claims that it should logarithmically tend
to the Hertzian value. This assumption is based on the quasi-static process [30], does not
take into consideration the leftover energies from the previous bounces and considers that
the plate is absolutely still when the collision takes place.
The location of the ball bouncing on the plate is also an important parameter. We naively
expect that as we apply our force further away from our centre of mass of the plates, there
will be additional torque on the system, as well as edge effects. impact the ball on our 20mm
plate at Centre(within 0 to 5mm of the centre of the plate), and Edge (40 to 45mm). As
expected, at the edge, we have fewer number of bounces than at the centre (40 vs 73), higher
PSE (0.048 vs 0.018) and generally lower values of  (Fig 6).
So far we were only interested in how the vibrations of the target plate were affecting the
bounces. What if the projectile itself could add vibrations? We welded a spring to the end
of the ball, and bounced the composite structure on the ball end (Fig 1c). By adding a
spring to the bouncing ball, we have effectively added a new mode that can store or lose
energy. While the centre of mass of the ball-spring system still follows a simple motion due
to gravity, the two ends of the system has added motion due to the oscillations of the spring
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FIG. 5: The effect of clamping is felt most clearly in the superellastic collisions. As the
plate reduces in thickness, probablity in super-elastic collisions (PSE) increases if kept free,
but remains relatively unchanged if the plate is kept clamped (Note that y axis is in
logscale). Hence The Ratio (Rfc) of the values rises with decrease in plate thickness.
length.
We see the emergence of oscillatory bands in the -v scatter (Fig 3 a). We performed
the experiment with three different springs of varying spring constant(k(S1)=1744.8, k(s2)
=1433.1, k(s3)=1169.3 N/mm respectively), all three of which show bands. As k decreases,
the softer spring oscillates more easily. More energy is lost via the spring than the plate, and
average  decreases (showing less bounces). These bands have peaks which are separated by
almost constant values. These inter-peak or peak-to-peak gaps(∆v) are nearly constant for
each spring and decrease as the spring constant increases (Table I).
The most observable difference is the large variation in the distribution of , and also a rise
in PSE from low as. 02 to as high as 0.4 (Fig 3 b). The value of  is consitently observed
as high as 3, compared to 1.2 for a non-spring system. However we see that the peak of
this distribution has shifted from. 95 to. 65 on addition of a spring. This explains why the
number of bounces observed is much lower than that of an unmodified or control ball.
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FIG. 6: The collisions at higher velocities are more lossy (lower values ) at the edge(red)
than at the centre(blue). As the ball slows down, most of the data overlaps. Inset : PSE is
more pronounced at the edge, giving us an insight as to the role of vibrations in their
genesis.
FIG. 7: (a)The Average Contact time (tC) is relatively unchanged over plates and
changing coupling materials. Average values are calculated over logarithmically spaced
bins in the velocity range. Instead of slowly converging to the Hertzian Values at lower
Velocities, tC veers away from it. (b)The foam materials, as coupling media, do not have
significant effect on the contact times. However in the case of the stack of papers, we find
that apart from the narrow region, we have the appearance of band like structures. This
might be due to shearing between the individual sheets of the stack, making the process
more sticky, thus having longer contact times.
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K(N/mm) Mean Gap (∆v)(m/s) Average  PSE
1744.8 0.0165 1.014 . 39
1433.1 0.017 . 9749 . 36
1169.3 0.0212 . 9265 . 30
TABLE I: We find that most observable results from our data correspond to the spring’s
stiffness.
IV. THEORETICAL MODEL
We modify Zener’s model to fit our observations. We assume that at each collision only
a fraction (β) of the collision’s momentum (PC) is able to transfer into the ball, the rest
is dumped into the plate and stored. PC is calculated from Zener’s Model. The rest of
the energy is dumped into the plate. This increases the momentum of the plate and this
momentum of the plate is expressed as PS. As the plate vibrates it loses its stored energy(or
momentum) due to dampening. We do not expect the stored momentum to be such that it
is more than the momentum of the collision itself. So we introduce a lossy term that linearly
grows with PS
PC
. During the next impact, a fraction γ of the stored momentum goes into the
collision, along with a random phase factor φ. As the stored momentum increases it can be
lost in large amounts as flexures in the plate. The algorithm for each collision is now
1 . (1 + )PI = βPC + γRe(e
iφ)PS
2 . PS = (1− γ)PS + (1− β)PC
3 . PS = PS × exp(− tτ )
(
1− PS
PC
)
If we ignore the memory term γ, we find that βexp (βexp = β when γ = 0) relates the
experimental values of  (exp) and the expected values from Zener’s Model (Z) by the
following equation.
βexp =
1 + exp
1 + Z
(8)
Using formula (8), we obtain how βexp changes with velocity. We choose β to be a function
of velocity by fitting it to βexp-v data. We fit the initial portion at higher velocities to
the standard power law series we obtain when dealing with Zener’s model or Viscoelastic
models[16]. The fall in the values of epsilon at lower velocities from around 0.01 m/s is
13
FIG. 8: Comparison of simulated and experimental results. Our model fails towards the
last bounces, in the final velocities. However we see super-elastic collisions from very
simple arguments.
modelled as an exponential function. At velocities ≈ vres, the fluctuation about the average
values is considered to be harmonic series. Given that most collisions terminate at v≈ vres,
we take β = Random[0, 1] at vres. So β has the form,
β =(A0 + A1v
1/5 + A2v
2/5 + ...)
× (1−Bexp(−v/0.01))
×
(
1 +
C
v2
exp(ipi
v
vres
)
) (9)
where Ai, B, C are obtained from fitting β to βexp.
With such a model for β, and γ, φ being uniformly random ∈ [0,1], we are able to obtain
close similarity to the experimental data (Fig 8). Thus accounting for the stored energy not
being dissipated as easily as we see in bulkier plates, we are able to reproduce new features in
our data. However we are not completely able to capture the the features towards the final
velocities. Our simulation does not produce the higher  values similar to the experiment (Fig
8 a, inset), or the exact heights of the peaks and valleys at low velocities (Fig 8 b). However
most features match, and it is able to generate super-elastic collisions from relatively very
simple arguments and parameters.
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V. CONCLUSION
We see over the course of our experiments how the bouncing of a steel ball on a steel
plate is affected by both the geometry of the plate and the modification of the projec-
tile. Due to the finite size of our target, vibrations set up by the collisions can affect
the bouncing, especially at lower velocities, as the vibrations do not damp easily, and
persist for multiple collisions. These leads to the last few bounces becoming highly cor-
related, and the effect of a previous bounce can be seen on a later on in the form of
super-elastic collisions, where we believe that the energy imparted to the target from pre-
vious collisions constructively add up, and impart into the ball again, leading to  >1.
as shown by our simulations. This argument is further strengthened by the fact that if
we add a spring to one end of the ball, we see a sudden rise in the number of super-
elastic collisions, although the system as a whole seems to be more lossy than before.
For now our observations are restricted to only a single material. We would like to fur-
ther explore this regime, and try to understand if this is simply an odd behaviour we see in
our systems or prevalent in all materials.
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